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( ) (Masayuki Noro) $*$
1
1.1
$K$ $n$ $R=K[x_{1}, \cdots, x_{n}]$ . , $(x_{1}, \cdots, x_{n})$ $X$
.
1 $R$ $f1,$ $\cdots,$ $f_{m}$ ,
$Id(f_{1}, \cdots, f_{m})=\{\sum_{i=1}gifi|gi\in R\}$
$f1,$ $\cdots,$ $f_{m}$ . $f1,$ $\cdots,$ $f_{m}$ $I$
.
2 ) $I$ $I$ $K^{n}$ variety $V_{K}(I)$
$V_{K}(I)=\{a\in K^{n}|\forall f\in I f(a)--0\}$
. $V(I)$ .
3
$Id(f_{1}, \cdots, f_{m})=Id(g_{1}, \cdots, g_{l})\Rightarrow V(f_{1}, \cdots, f_{m})\subset V(g_{1}, \cdots, g_{l})$
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R=K PIDD ( ) . $f\in R$
$I=Id(f)$ . , $f$ , $I$ o ,
$g\in I\Leftrightarrow f|g$
. $I$ , $f$ ,
$GCD$ .
$-$ , , ,
. , .
$\bullet$ , . , ,
.
, $-$ ,
. , $K$ $n$ $R=K[x_{1}, \cdots , x_{n}]$
. $\mathbb{N}$ , $0$ .
5 $T=\{x_{1n}^{i_{1}\ldots i}xn|i_{1}, \cdots, i_{n}\in \mathbb{N}\}$ , $T$ term ( ) . , $T$
$\leq$ admissible ,
1. $1\leq t$ for all $t\in T$
2. $t_{1}\leq t_{2}\Rightarrow t_{1}\cdot s\leq t_{2}\cdot s$ for all $t_{1},$ $t_{2},$ $S\in T$
.
6 (lexicographical order; $\mathrm{l}\mathrm{e}\mathrm{x}$)
$X_{1}^{i_{1}}\cdots x_{n}^{i}n>x_{1n^{n}}^{j_{1}}\ldots X^{j}\Leftrightarrow$
$\exists ms.t.$ $i\mathrm{l}=j_{1},$ $\cdots,$ $i_{m-1}=j_{m-1},$ $i_{m}>j_{m}$
. ,
, , .
7 (total degree lexicographical order)
$x_{1}^{i_{1}}\cdots X_{n}^{i}n>X_{1}^{j1}\cdots x_{n}^{j}n\Leftrightarrow$
$\sum_{k}i_{k}>\sum_{k}ik$
($\sum_{k}i_{k}=\sum_{k}ik$ $\exists ms.t.i_{1}=i1,$ $\cdots,$ $i_{m-1}=j_{m-1},$ $i_{m}>j_{m}$ )
,




8 (total degree reverse lexicographical order; $\mathrm{d}\mathrm{r}\mathrm{l}$)
$X_{1}^{i_{1}}\cdots X_{n}^{i}n>X_{1}^{j_{1}}\cdots X_{n^{n}}j\Leftrightarrow$
$\sum_{k}$ $> \sum_{k}$
($\sum_{k}i_{k}=\sum_{k}jk$ $\exists ms.t.i_{n}=j_{n},$ $\cdots,$ $i_{m+1}=jm+1,$ $i_{m}<jm$ )
, ,





$\{x_{1}, \cdots, x_{n}\}=s_{1^{\cup\cdot\cdot.\cdot\cup S}\iota}$ ($disj_{\mathit{0}}int$ sum) , $<_{i}$ $T_{i}=K[y_{1}, \cdots](y_{k}\in s_{\iota})$
admissible order . , $T$ order , $<_{i}$ order .
$\{x_{1}, \cdots, x_{n}\}=\{x_{1}\}\cup\cdots\cup\{x_{n}\}$ block order ,
, , .
, $S_{1}$ , $S_{2}$ , , ,
$\mathrm{d}\mathrm{r}\mathrm{l}$ order $S_{1}$ . .
10 matrix order
$M$ $m\mathrm{x}n$ .
1. $n$ $v$ , $Mv=0\Leftrightarrow v=0$
2. $n$ $v$ , $Mv$ $\mathit{0}$ .
, $\mathbb{N}^{n}$ $u,$ $v$ ,
$u>v\Leftrightarrow M(u-v)$ $0$
, order admissible order . , $M$ matrix
order .




$M_{dlex},$ $M_{drl},$ $M_{lex}$ , , .
13 weighted order
$M_{wd_{\Gamma}\iota}=$




$M_{k}$ , admissible order matrix .
15 $\mathbb{N}^{n}$ , $\mathbb{N}^{n}$ admissible order $<$
1. $0=(0, \cdots, 0)\leq\alpha$ for all $\alpha\in \mathbb{N}^{n}$
2. $\alpha_{1}\leq\alpha_{2}\Rightarrow\alpha_{1}+s\leq\alpha_{2}+s$ for all $\alpha_{1},$ $\alpha_{2},$ $s\in \mathbb{N}$
.
16 $L\subset \mathrm{N}^{n}$ ,
\alpha \in L, $\beta\in \mathbb{N}^{n}$ \alpha +\beta \in L
130
. , $S\subset \mathbb{N}^{n}$ ,
mono$(S)=\{\alpha+\beta|\alpha\in S, \beta\in \mathbb{N}n\}$
$S$ .
17 term .
$f,$ $g\in R\mathrm{C},$ $f= \sum_{i>0}c_{i}fi,$ $g= \sum_{i>0^{d_{ig_{i}}}}(c_{i},$ $d_{i}\in K,$ $fi,$ $gi\in T,$ $i>j\Rightarrow f_{i}>f_{j,g_{i}}>$
$g_{j})$ , $f>g$
$f>g\Leftrightarrow\exists i_{0}s.t$ . $(i<i_{0}\Rightarrow f_{i}=g_{i}, fi\mathrm{o}>g_{i_{\mathrm{O}}})$
.
18 $M=\{c\cdot t|c\in K, t\in T\}$ , $M$ monomial .
19 admissible order – , $f$ term , order
(head term) , $HT(f)$ .
$HT(f)$ , $HC(f)$ .
$HC(f)\cdot HT(f)$ $HM(f)$ .
$HT(f)$ HE$(f)$ . HE$(f)\in \mathbb{N}^{n}$ .
, f–HM$(f)$ red$(f)$ (reductum of $f$) .
20 $\mathbb{N}^{n}$ $L$ .
21 $S\subset R$ admissible order $<$ ,
$E_{<}(S)=\{HE(f)|f\in s\}\mathrm{c}\mathbb{N}^{n}$
. $<$ $E(S)$ .
22 $I$ , $E(I)$ .










24 admissible order $<$ , $I$ .
25 $I$ $G$ $I$ .
26 $f,$ $g\in R$ , $f$ monomial $m$ $HT(g)$ .
$f$ $g$ (reducible) . $h=f-m/HT(g)\cdot g$
, $\dot{f}arrow hg$ .
$G\subset R$ , $G$ $f$ $h$ $farrow hG$ . , $G$
$\mathit{0}$ $h$ , $farrow hG*$ .
$f$ , $G$ , $f$ $G$ (normal form)
.
27 $I$ $G$ , .
1. $f\in I\Leftrightarrow farrow^{-}0G$
2. $farrow f1,$$farrow f_{2}cG**$ $f1,$ $f_{2}$ $\Rightarrow f1=f_{2}$
3. $f\in G,$ $\exists h\in Gs.t.HT(h)|H\tau(f)\Rightarrow G\backslash \{f\}$ $I$
28 $G=\{g_{1}, \cdots, g\iota\}$ $I$ . , $\exists H\subset Gs.t.H$










30 $G=\{g_{1}, \cdots, g\iota\}$ ( ) $R$ .
, $d_{1}$ .
$d_{1}$ : $R^{l}$ $arrow R$
$(f_{1}, \cdots, fi)\mapsto\sum f_{i}\cdot HT(gi)$
31 $f=(f_{1}, \cdots, f_{i})\in\dot{R}^{l}$ $T$- , term $t$ , $i$
, $f_{i}=0$ $t=f_{i}\cdot HT(\mathit{9}i)$ .





. , $T_{i}=HT(g_{i})$ .
33 $I$ , .
1. $G=\{g_{1}, \cdots, g\iota\}$ $I$
2. $f\in I\Leftrightarrow farrow 0G*$
3. $f\in I\Leftrightarrow\exists f_{i}(i=1, \cdots, \iota)s.t$ . $f= \sum if_{ig_{i}}$ $HT(f_{i}g_{i})\leq HT(f)$
4. $L$ $T$ - $Ker(d_{1})$ , $h=(h_{1}, \cdot\cdot*, h_{l})\in L$ ,
$\sum h_{i}\cdot g_{i}arrow^{\tau}\mathrm{o}G$
34 $G=\{g_{1}, \cdots, g\iota\}$ $HC(g_{i})=1$ $R$ . $i,$ $j\in\{1, \cdots, l\}$
, $S_{ij}\in R^{l}$ $S_{ij}=T_{ij}/T_{i}e_{i}-T_{ij}/T_{j}e_{j}$ . , $L=\{S_{ij}|i<j\}$
$Ker(d_{1})$ $T$ - . Taylor .
35 $f,$ $g\in R$ , $\mathrm{S}$ $Sp(f, g)$ ,
$Sp(f, g)= \frac{HC(g)Tfg}{HT(f)}\cdot f-\frac{HC(f)Tfg}{HT(g)}\cdot g$
$(T_{fg}=LCM(H\tau(f), HT(g)))$ .
, .
36 $I$ , .
1. $G=\{g_{1}, \cdots , g\iota\}$ $I$





: $R$ $F=f1,$ $\cdots$ , $f\iota$
: $F$ $G$
$Darrow\{\{f, g\}|f, g\in F;f\neq g\}$
$Garrow F$
while $(D\neq\emptyset)$ do $\{$
$\{f, g\}arrow D$
$Darrow D\backslash \{C\}$
$harrow Sp(f, g)$ –
if $h\neq 0$ then $\{$





, $D$ (pair) .
38 37 , .
Buchberger , $*^{P},’\# n$
$\bullet$ $0$ , $D$ $G$ .





. , , 37
, . , ,







$GF(p)$ : $p$ .
$\mathbb{Z}_{(p)}=\{a/b|a\in \mathbb{Z};b\in \mathbb{Z}\backslash p\mathbb{Z}\}\subset \mathbb{Q}$ : $\mathbb{Z}$ $p\mathbb{Z}$ .
$X=\{x_{1},$ $\cdots$ , x : .
$\phi_{p}$ : $\mathbb{Z}_{(p)[}X$ ] $GF(p)[X]$ . $\phi_{p}(a/b)=\phi_{p}(a)/\phi_{p}(b)$ . $(a\in \mathbb{Z},$ $b\in$
$\mathbb{Z}\backslash p\mathbb{Z}.)$
$<,$ $<0,$ $<_{1},$ $<_{i}$ : admissible order.
$HT_{<}(f)$ : $f$ $<$ .
$HC_{<}(f)$ : $f$ $<$ .
$T(f)$ : $f$ .
$GB_{<}(S)$ : $S$ $<$ .
$f_{1},$ $\cdots,$ $f_{m}$ : $\mathbb{Z}[X]$ .
$NF_{<}(f, G)$ : $f$ $G$ $-$ .









, $0$ . , ,
33 . , Taylor , Taylor ,
( ) $0$
. ,















($T_{ij}=T_{kl}$ ($j<l$ ($j=l$ i<k)
41 $(i, j)$ .
$M(i,j)\Leftrightarrow\exists k<j_{S.t.\tau}kj|T_{ij}$ $T_{kj}\neq T_{ij}$
$F(i,j)\Leftrightarrow\exists k<is.t.T_{k}j=T_{ij}$
$B(i, j)\Leftrightarrow\exists k>j_{S.t.\tau}k|\tau_{ij}$ $T_{jk}\neq T_{ij}$ $T_{ik}\neq T_{ij}$
, , $S_{ij}$ 1 $S_{ij}$
. $\tau_{k}|\tau_{ij}$ $S_{ij}$ 1.
, $S_{ij}$ . ,
.
42 (Gebauer and M\"oller[6]) Taylor , $\{S_{ij}|\neg M(i, j), \neg F(i, j), \neg B(i, i)\}$
.
43 , $\mathit{0}$ , $D$






, , $0$ .
44 (Buchberger)











. , term order , ,
, .
46
$t$ , $R=k[x_{1}, \cdots, x_{n}]$ and $R_{h}=k[x_{1}, \cdots, x_{n}, t]$ , $f\in R$
$f^{*},$ $g\in R_{h}$ $\mathit{9}*$ . , $f$ eg( .
$f^{*}=t^{tdeg(}f)f(x_{1}/t, \cdots, x_{n}/t)$
$g_{*}=g|_{t=1}$
. $F\subset R,$ $G\subset R_{h}$ , ,
$F^{*},$ $F_{*}$ .
, $R$ order $<$ , $R_{h}$ order $<_{h}$
00 $g\in R_{h}$ , $HT(g)_{*}=HT(g_{*})$
, $<_{h}$ $<$ .
137
$1F^{1}\rfloor 47X\cup\{t\}$ ($X$ $<$ ) block order $-$ ,
,
$ut^{m}<_{h}vt^{n}\Leftrightarrow tdeg(ut^{m})<tdeg(vt^{n})$ tdeg $(ut^{m})=tdeg(vt^{n})$ $u<v$
$<_{h}$ $<$ .
48 $F\subset R$ , $<_{h}$ $<$ order . , $G$ $Id(F^{*})$







$f$ , $s_{f}$ (sugar)
.
1. $f$ , $s_{f}=tdeg(f)$
2. $m$ monomial $s_{mf}=tde_{\mathit{9}(m)}+s_{f}$
3. $s_{f+g}=MAX(s_{f,g}S)$





sugar strategy , ,
. , ,
$\mathrm{S}$ . ,
(trace $1\mathrm{i}\mathrm{f}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}^{1}$ )$)$ [7].
















l-guess(F, $<,$ $p$ )
: $F\subset \mathbb{Z}[x]$ ;admissible order $<$ ; $p$
: $F$ nil
if $\exists f\in F$ $s.t$ . $\phi_{p}(HC(f))=0$ then return nil
$Garrow F$
$G_{p}arrow\{\phi_{p}(f)|f\in G\}$
$Darrow\{\{f, g\}|f, g\in G;f\neq g\}$
do $\{$
$Darrow D\backslash Use\iota_{eS}s-PairS(D)$
if $D=\emptyset$ then return $G$





if $t_{p}\neq 0$ then $\{$
$tarrow NF(_{S,G})$








. , $0$ , ,




2. $F$ , $G$ $0$
.
, $Id(G)\subset Id(F)$ , 1., 2. $Id(F)\subset Id(G)$







trace lifting , $\mathrm{S}$ ,
,
. ,
, sugar strategy . ,
.
.
52 $I=Id(-3x_{1}-3X_{2}-5,$ $-3X_{1^{X^{2}}}8X_{0}-6,4x^{2}+0^{-}0(-2x_{1^{-7}}^{3})x_{0^{-3x_{31^{-}}}}X^{2}2,$ $-x_{0}^{4}-$
$x_{0^{+}1}^{2}3x_{1}x0-4X)$
$I$ $x_{0}>x_{1}>x_{2}$ $GB(I)$ ,

























, P6-200MHz 0.2 ,
1489 , sugar strategy
10258121 . ,















$\forall f\in FNF(f, G_{*})=0$
then return $G_{*}$
$\}$




$\bullet$ $\Rightarrow$ $\Rightarrow$ $\Rightarrow$
,
.
$\bullet$ $\Rightarrow$ $\Rightarrow$ $\Rightarrow$
, $\langle$ , trace lifting
.
, , .
, trace lifting .
3 change of ordering





$I\subset K[X]$ $0$ , $I$ order $<_{1}$ $G_{1}$
. , order $<$ $I$ $G$ ,
FGLM .
142
$54<$ admissible order, $F=GB_{<}(I)$ . $T=\{t_{1}, \cdots, t_{l}\}\subset T(X)$
. $a_{i}$ ,
$E= \sum_{i=1}aiNl<F(t_{i}, F)$
. $E$ $X$ $C$ , $Eq=\{f=0|f\in C\}$ $a_{i}$
.
$Eq$ $\Leftrightarrow T$ $K[X]/I$ K
55 (FGLM )
FGLM$(F, <1, <)$







$Narrow$ {$u|u.>h$ $\forall m\in Hm\mathit{1}u$ }
(0) if $N=\emptyset$ then return $G$
(1) $h_{1}arrow MIN(N)$
$a_{t}$ : $t\in B$
$a_{h_{1}}arrow 1$
(2)
$E arrow NF_{<_{1}}(h_{1}, F)+\sum_{t\in B}a_{t}NF_{<_{1}}(t, F)$
$Carrow E$ $X$
$\{f=0|f\in C\}$ $\{at=c_{t}|c_{t}\in K\}$
then













57 $i(1\leq i\leq n)$ , $\phi_{i}\in End(K[X]/I)$
$\phi_{i}$ : $f\mathrm{m}\mathrm{o}\mathrm{d} I\vdasharrow_{X_{i}}f\mathrm{m}\mathrm{o}\mathrm{d} I$
. $H_{1}=\{HT_{<_{1}}(g)|g\in G_{1}\},$ $MB_{1}=\{u\in T|\forall m\in H_{1}m\chi_{u}\}$ $MB_{1}$
$K[X]/I$ $K$ - , $\{NF_{<_{1}}(x_{i}u, G1)|u\in MB_{1}\}$ , $\phi_{i}$
.
, $\phi_{i}$ , $NF(x_{i}t, G1)=\phi_{i}(NF(t, c_{1})$ ,
$NF(t, G_{1})$ .
58 , FGLM $\mathit{0}$ ,
order , $s\in T$ $\{t\in T|t<s\}$
, . , – $\mathit{0}$
.
3.2 modular change of ordering
FGLM , Gauss .
Gauss ,
. , .
59 $A\in GL(n, \mathbb{Q})$ . $V\in \mathbb{Q}^{n}$ $B=AV$ , $AX=B$
$X=V$ – . Gauss , $A$









$Candidate-by_{-\iota ine}ar_{-}a\iota gebra(p,p, <_{1}, <)$
Input: order $<_{1}\cdot,$ $<$
$F\subset \mathbb{Z}[X]$ $s.t$ . $F=GB_{<_{1}}(Id(F))$
$F$ $<_{1}$ $P$
Output : $F$ $<$ nil
$\overline{G}arrow GB_{<}(Id(\emptyset p(F)))$ ( )
$Garrow\emptyset$
for each $h\in G$ do $\{$
$a_{t}$ : $t\in T(h)$
$a_{t}arrow 1$ ($t=ht_{<}(h)$ )
$Harrow$ $\sum a_{t}NF_{<_{1}}(t, F)$
$t\in T(h)$
$Carrow H$ $X$
if $E_{h}--\{f=0|f\in C\}$ $S_{h}=\{at =c_{t}|c_{t}\in \mathbb{Q}\}$
then
$G arrow G\cup\{d\sum_{t\in\tau(h)}Ctt\}$




61 60 , $p$ $GB<(F)$ .
62 , $Id(F)$
, . , ,





, change of ordering , trace lifting
. $F\subset \mathbb{Z}[X]$ .
63 .
1. .
2. , (reducer) ,
reducer .
64 (compatibile ) $p$ $F$ compatible ,
$\phi_{p}(Id(F)\cap \mathbb{Z}[X])(=\phi_{p}(Id(F)\cap \mathbb{Z}_{(p)[}x]))=Id(\phi_{p}(F))$
.
65 $P$ $(F, <)$ strongly compatible $P$ $F$ compatible
$E_{<}(Id(F))=E_{<}(Id(\emptyset p(F))$
.
66 permissible ) $p$ $(F, <)$ permissible $f\in F$
$P$ $HC_{<}(f)$ .
67 $f\in \mathbb{Q}[X]$ $P$ stable $f\in \mathbb{Z}_{(p)}[X]$ .
68 (modular ) $G\subset Id(F)\cap \mathbb{Z}[X]$ $F$ $<$ P-
compahble $P$ $(G, <)\iota_{-}^{}$ permissible $\phi_{p}(G)$ $Id(\phi_{p}(F))$
$<$ .
69 compatibility order .
70 $G\subset \mathbb{Z}[X],$ $p$ $(G, <)$ permissible , $f\in \mathbb{Z}[X]$ .
63
$NF(\phi_{p}(f), \phi_{p}(G))=\phi_{p}(NF(f, G))$ .
146
71 $G\subset Id(F)\cap \mathbb{Z}[X]$ $Id(F)$ $<$ . $P$ $(G, <)$
permissible $\phi_{p}(G)\subset Id(\phi_{p}(F))$ $P$ $F$ compatible
. , $\phi_{p}(G)$ $Id(\phi_{p}(F))$ $P$ $(F, <)$ strongly compatible
.
, $\phi_{p}(G)\subset Id(\phi_{p}(F))$ $Id(\phi_{p}(F))$ .




72 $G\subset \mathbb{Z}[X]$ $<$ $Id(G)$ . $P$ $(G, <)$




73 $P$ $F$ compatible $G$ $<$ $P$ -compatible




, , , elimination
.
74 $P$ $F$ compatible . $\overline{G}\subset GF(p)[x],$ $\overline{G}=GB<(Id(\phi_{p}(F))$
$\overline{g}_{1}<\cdot\cdot$ $:<\overline{g}_{S}$ $\overline{g}_{i}$ $\overline{G}=\{\overline{g}_{1}, \cdots, \overline{g}_{s}\}$ . , $t\leq s$ ,
$g_{i}\in Id(F)\cap \mathbb{Z}_{(p})[X](1\leq i\leq t)$ $\phi_{p}(g_{i})=$ $g_{i}$ $\{g_{1}, \cdots, g_{i-1}\}$
. , $g_{1},$ $\cdots,$ $g_{t}$ $GB_{<}(Id(F))$ $t$ – .







Output: $F$ $P$-compatible nil
( $F$ , nil $P$ )
75 (compatibility check )
$gr\ddot{o}bner_{-}by-Change- of_{\mathit{0}}-rdering(F, <)$
Input : $F\subset \mathbb{Z}[X]$
order $<$
Output : $Id(F)$ $<$ $G$




If $G=$ nil goto again:
else return $G$





. , 2 ,
. .
32.3 $candidate-by-\iota inear_{-}algebra()$
76 60 $C$ $P$ stable , $E_{h,p}=$
$\{\phi_{p}(C)=0|C\in C\}$ – .
148
77 $n$ $a_{t}$ , $E_{h}$ subsystem $E_{h}’$
.
$\bullet$ $E_{h}’$ $n$ .
$\bullet$ $\phi_{p}(E_{h}’)$ $GF(p)$ $-$ .
.
$\bullet$ $E_{h}’$ $\mathbb{Q}$ – , $P$ stable.
$\bullet$ $E_{h}$ , $E_{h}’$ – $-$ .




2. $Sarrow E_{h}’$ – .
3. $S$ $E_{h}$ $S$ $E_{h}$ – , $E_{h}$ .
$E_{h}$ $E_{h}’$ $GF(p)$ . , $E_{h}’$ .
.
79 $M,$ $B$ $n\mathrm{x}n,$ $n\cross 1$ , $X$ , $n\cross 1$
. $det(\phi p(M))\neq 0$ , $MX=B$ .
$M,$ $B$ , , . ,
, $MX=B$ $X$
. Gauss
. , Hensel ,
modular . Hensel .
80
$so\iota ve-linear_{-}equati_{\mathit{0}}n_{-}by-hense\iota(M, B,p)$
Input : $n\mathrm{x}n$ $M,$ $n\cross 1$ $B$
$\phi_{p}(det(M))\neq 0$













( $\phi_{p}^{-1}$ $[-p/2,p/2]$ , $(c-Mt)/p$ )
if count $=\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}$ -Constant then $\{$
$countarrow 0$
$Xarrow inttorat(X, q)$






Output : $bx\equiv a\mathrm{m}\mathrm{o}\mathrm{d} q$ $|a|$ , $|b|\leq\sqrt{\frac{q}{2}}$ $a/b$ nil
Predetermined Constant ,
. 80 $c$ $nMAx(||M||_{\infty}, ||B||_{\infty})$
. , constant . ,
$A$ , $q>2A^{2}$ . ,
. , Gauss
fraction-free , ,




Gr\"obner , dominant step
. Buchberger $-$
, Faug\‘ere $F_{4}$ ( $F_{5}$ ) ,
. , .
4.1 Symbolic preprocessing
37 , $D$ ,
, . , ,
, $NF(s_{P}(f, g),$ $G)$ ,
. , trace lifting, homogenization
.
, Buchberger $NF(s_{P}(f, g),$ $G)$ .
$NF(s_{P}(f, g),$ $G)$ .
$rarrow af-bg$ ( $a,$ $b$ )
while ( $r$ $t$ $h\in G$ )
$rarrow r-ch$
( $r$ $t$ )
, $r$ $h\in G$ $-$
, ( , ) ,
.
82 (Symbolic preprocessing)
: $f$ , $G$
$:Red=$ { $ah|a$ : , $h\in G$ }
$Tarrow T(f)$
$Redarrow\emptyset$
while $\exists t\in T\exists g\in Gs.t.HT(g)|t$ do $\{$
$Redarrow Red\cup\{t/HT(g)\cdot g\}$




$\bullet$ $\{f\}\cup Red$ $t$ $g\in G$ $HT(g)$ , $H\tau(X)=$
$t$ $x\in Red$ .
, .
$\bullet$ $\{f\}$ , Red $K$ , $G$ .
, . , $\{f\}\cup Red$
$T$ , $T$ $t_{1}>t_{2}>\cdots$ . $T$ $K$








, , $B$ .
$\bullet$ Poly $(.B_{i})$ $0$ , Poly $(B_{k})(k\neq i)$ $HT(po\iota_{y(B))}i$ .
$B=$





. $F_{4}$ , S-
. symbolic preprocessing , , S-
, .
83 (Symbolic preprocessing)
: $F$ , $G$
$:Red=$ { $ah|a$ : , $h\in G$ }
$T arrow\bigcup_{f\in F}T(f)$
$Redarrow\emptyset$
while $\exists t\in T\exists g\in Gs.t.H\tau(g)|t$ do $\{$
$Redarrow Red\cup\{t/HT(g)\cdot g\}$
$Tarrow(T\backslash \{t\})\cup T(reductum(t/HT(g)\cdot g)$
$\}$
return Red
$A$ , $\mathrm{S}$- symbolic preprocessing
Red .
, , $B$ .
$\bullet$ $p_{\mathit{0}\iota}y(B_{i})$ $0$ , Poly $(B_{k})(k\neq i)$ $HT(p_{\mathit{0}}ly(Bi))$ .
, $t_{1}>t_{2}>\cdots$ , reduced Gr\"obner
.
$F’=\{h=poly(B_{i})|h\neq 0, HT(h)\not\in\{HT(r)|r\in Red\}\}$
$Red’=\{h=poly(B_{i})|h\neq 0, HT(h)\in\{HT(r)|r\in Red\}\}$
.
84 1. $h\in F’$ $G\cup(F’\backslash \{h\})$
2. $f\in F$ $farrow,\mathrm{o}G\cup^{*}F$
Proof
1: $h\in F’$ $T(h)\cap\{HT(r)|r\in Red\}$ $=\emptyset$ . , Red $h$ $G$
153
. $F’\backslash \{\text{ }\}$ .
2: $f\in F$ .
$NF(f, G)=f- \sum_{Rri\in ed}C_{ii}r$
$(c_{i}\in K)$
. , $NF(f, G)$ $F\cup Red$ $K$ . ,
$F\cup Red$ $F’\cup Red’$ $K$ – , $NF(f, G)$ Red’
,
$NF(f, G)= \sum_{if\in F’}d_{if}i$
$(d_{i}\in K)$
. $F’$ . 1
2. $F$ , $\mathrm{S}$- , $F’$ $G$
, $F$ $\mathrm{S}$- $0$ . , 1. ,
.
$F$ $-$ $\mathrm{S}$- Buchberger ,
, (selection strategy) .
$F_{4}$ $F$ , , selection strategy
.
, strategy , .
85 $S$- sugar .
, $F_{4}$ , sugar , sugar
$\mathrm{S}$- , sugar ,
sugar . , homogeneous ,
strategy , , $d$ , reduced Gr\"obner
, $d$ . , homogeneous ideal ,
1. $d$ $\mathrm{S}$- $d-1$ .
2. $d$ , $d+1$ .
4.3 modular
$F_{4}$ , selection strategy ,
. , ,
. ,
1. $A$ $A’$ .
154
2. $A’$ , ,
$A”$ .
3. $A’$ $B”$ .
4. $A”X=B^{;}$’ .
5. $X$ , $A’$ .
, , ,
$det(A”)\neq 0$ $A”$ modular , $A”X=B”$
modular ,
$\bullet$ $A$ , 5 $0$ .
modular ,
, $A$ , $-$
. , Hensel .
, $P$ ,
, - stable $A$
. , Hensel 80 .
Faug\‘ere , $F_{4}$ $B$ , $B$ $A$
.
, modular , $det(A”.)$
. – ,




, $F_{4}$ , $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}$ [15] ,
16 , inter reduction ,
. , Buchberger $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}$ ,
. , , , 16
, $-$
, , , 16
, inter reduction .
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, , modular
. , 15 inter reduction , ,
.
, $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}$ Buchberger
( $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}+\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$lifting) $F_{4}$ .
3:
4:
, total 1/8 . ,
, Buchberger














$\bullet$ , index .
$\bullet$ reduced ,
. ( $\mathrm{V}\mathrm{S}$ .
)
$\bullet$ reduced , modular
. , , $0$ .
, $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ , Faug\‘ere home page
$\mathrm{h}\mathrm{t}\mathrm{t}\mathrm{p}://\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{s}\mathrm{o}.\mathrm{l}\mathrm{i}\mathrm{b}6.\mathrm{f}\mathrm{r}/\mathrm{j}\mathrm{c}\mathrm{f}/\mathrm{b}\mathrm{e}\mathrm{n}\mathrm{C}\mathrm{h}.\mathrm{h}\mathrm{t}\mathrm{m}\mathrm{l}$
–“–. . , $\mathrm{M}\mathrm{c}\mathrm{K}\mathrm{a}\mathrm{y}$ , P6-200MHz PC 54
. , Faug\‘ere[10] ,
Moreover, since big integer computations could be done by means of $\mathrm{p}$-adic or multi
modular arithmetics it means that the cost of an integer computation is roughly






1. Buchberger $\approx\supset$ selection strategy , $F_{4}$ “make no
choice”
2 non homogeneous case , $F_{4}$ Buchberger $-J^{7}$ .
, 1. , critcal pair subset










$X=\{x_{1}, \cdots, x_{n}\}$ :
$R$ : $K[X]$
$T$ : $R$
$HT_{<}(f)$ : $f$ $<$ .
$HC_{<}(f)$ : $f$ $<$ .
$GB_{<}(S)$ : $S$ $<$
$NF_{<}(f, G)$ : $f$ $G$ $-$ . $G$ – .
5.1
87 ( )
) $I,$ $J\subset R$
$I=J\Leftrightarrow GB(I)=GB(J)$ .
88 ( , )
$I,$ $f,$ $g\in R$
$f\equiv g\mathrm{m}\mathrm{o}\mathrm{d} I\Leftrightarrow NF(f, GB(I))=NF(g, GB(I))$ .





$I$ . $X=(X\backslash U)\cup U$ , $\forall u\in T(U),$ $\forall x\in T(x\backslash U),$ $u<$
$x$ order $<$ ,
$GB(I\cap K[U])=GB(I)\cap K[U]$
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$f\in J=I\cap K[U]$ . $f\in I$ $g\in GB(I)$ $HT(g)|HT(f)$ .
$HT(f)\in T(U)$ $HT(g)\in T(U)$ . , $<$ , $HT(g)\in T(U)$
$g\in K[U]$ . $g\in GB(I)\cap K[U]$ , $GB(I)\cap K[U]$ $J$ . 1
91 ( ) ) $I=Id(f1, \cdots, f\mathrm{t}),$ $J=Id(g_{1}, \cdots, g_{m})$ ,
$I\cap J=(yIR[y]+(1-y)JR[y])\cap R$
$f\in I\cap J$ , $f=yf+(1-y)f\in(yI+(1-y)J)\cap R$ . $f=yg+(1-y)h$
($g\in IR[y]$ , $\in JR[y]$ ) , $f\in R$ . , $y=0$ , $f=h|_{y=0}\in J$ .
$y=1$ , $f=g|_{y=1}\in I$ $\mathrm{O}\mathrm{K}$ . I
92 $I=Id(f1, \cdots, f_{m}),$ $J=Id(g_{1}, \cdots, g\iota)$
$GB(I\cap J)=GB(\{yf1, \cdots, yf_{m}, (1-y)g1, \cdots, (1-y)gl\})\cap R$
$I\cap J$ . ( $X<y$ elimination order . )
93 ( ) $I,$ $R$ $S$ , $I:S$
$I:S=\{f\in R|fS\subset I\}$
. $J=Id(S)$ , $I:s=I:J$ , $J=Id(f1, \cdots, f_{m})$ ,
$I:S=\cap I:Id(f_{i})i=m1$
94 $I:Id(f)= \frac{1}{f}(I\cap Id(f))$
$g\in I$ : $Id(f)$ $gf\in I$ $gf\in I\cap Id(f)$ . , $g \in\frac{1}{f}(I\cap Id(f))$ .
, $g \in\frac{1}{f}(I\cap Id(f))$ $gf\in I\cap Id(f)$ $g\in I:Id(f)$ . I
95 $I\cap Id(f)$ , $f$ , $f$




$I$ , $f\in R$ , $I$ : $f^{i}$ , $s\in \mathbb{N}$
$i\geq s\Rightarrow I$ : $f^{i}=I$ : $f^{S}$
160
.
$I$ : $f^{\infty}=I$ : $f^{s}$
, $I$ $f$ saturation .
97 $I$ , $f\in R$ ,
$I:f^{\infty}=(IR[y]+(1-yf)R[y])\cap R$
$I:f^{\infty}$ elimination ) .
$\subseteq$ $g\in$ , $g=a\text{ }$ $+(1-yf)b(a, b\in R[y])$ . ,
$y=1/f$ , $f^{d}$ (d: ) $f^{d}g\in I$ $g\in I$ : $f^{d}$ .
$g\in$ .
$\subset$ $g\in$ , $d$ $f^{d}g\in I$ .
$g\equiv(yf)^{d}g\equiv 0_{\mathrm{m}\mathrm{o}}\mathrm{d}IR[y]+(1-yf)R[y]$
, $g\in R$ $g\in$ . I
5.2 ,
98 ( )
$I$ , $R/I$ , .
, R/ ,





, R/ $K$ ,
, $R/I$
$\{u\in T|HT(f)\parallel u(\forall f\in GB(I))\}$
.
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100 $I$ . $U\subset X$ , $I\cap K[U]=0$ $U$
independent modulo $I$ .
101 ( )
$I$ , $dim(I)$
$dim(I)= \max$ ( $|U||U\subset X$ independent modulo $I$ )
.
102 ( )
1. $I$ , $K$ $V(I)$
.
2. - , (Krull ) ,
– .
103 (Hhlbert function)
$R=K[X]$ $s$ - $R_{s}$ . $I$ , $I_{s}=I\cap K[X]_{s}$
. $I$ , $I$ Hdbert function $H_{R/I}(s)$
$H_{R/I}(S)=dim_{K}R_{S}/I_{s}$
.
104 $<$ order , $J$ $I$ ,
$H_{R/I(_{S)H}}=R/J(_{S)}$
5.3
105 $I$ , $I$ radical \theta ) $\sqrt{I}$
$\sqrt{I}=\{f\in R|\exists e\in \mathbb{N}s.t.f^{e}\in I\}$
. $\sqrt{I}$ .




.107 (Nullstellensatz; Hilbert )
$K$ , $\overline{K}$ $K$ . $I\subset K[X]$ ,
$I(V_{\overline{K}}(I))=\sqrt{I}$
108 $I,$ $J$ ,
$V_{\overline{K}}(I)=V_{\overline{K}}(J)\Leftrightarrow\sqrt{I}=\sqrt{J}$
109 ($\mathit{0}$ )
$K$ $I$ $\Leftrightarrow R/I$ $K$
$\Rightarrow)$ $r_{k}=(r_{k1}, \cdots, r_{kn})(k=1, \cdots, m)$ . $fi(Xi).= \prod_{k}(x_{i}-rki)$
, $f_{i}(x_{i})$ $I$ $0$ , Hilbert $t$
$f_{i}(x_{i})^{t}\in I.$ , $GB(I)$ , $i$ , $HT(g)$ $x_{i}$ .
, 99 R/ $K$ .
$\Leftarrow)$ $i$ , $x_{i}$ , $GB’(I)$ ,
$f_{i}(x_{i})$ $-$ . , . 1
$x_{1}<x_{2}<\cdots<x_{n}$ , $I$
, $i$ , $\in GB(I)\cap(K[x_{1}, \cdots, x_{i}]\backslash K[x_{1}, \cdots,\cdot x_{i-l}])$
. $f1(x_{1})$ $\alpha_{1}$ , $f_{2}(\alpha_{1}, x_{2})$ $\alpha_{2}$ ,
, $F$ .
5.4
$K[X]^{l}$ , $M\subset F$ .
, , $te_{i}$ ($t\in T(X);e_{i}=(0,$ $\cdots,$ $1,$ $\cdots,$ $0)$ : $i$ 1) ,
1. $m\leq tm\forall t\in T,$ $\forall m:F$
2. $m_{1}\leq m_{2}\Rightarrow tm_{1}\leq tm_{2}\forall t\in T,$ $\forall m1,$ $m2$ : $F$
. $E(S)$ , , $E(G)$
$E(M)$ . Buchberger , S ,
$F$ ( , $HT(a)=t_{a}e_{a},$ $HT(b)=t_{b}e_{b}$ $a=b$)
, $0$ .
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, syzygy , , (free resolution)
. , , , $Tor,$ $Ext$ ,
.
6
6.1 Shape basis RUR
110 $f\in K[X]$ $I$ separating element , $I$ $\overline{K}$ $a,$ $b$
, $f(a)\neq f(b)$ .
111 (shape lemma)
$I$ $K$ $\mathit{0}$ radical )1/ , $f$ separating element . $z<<X$
, $R[z]$ $IR[z]+Id(z-f)$
$\{x_{1}-f1(Z), \cdots, x_{n}-fn(Z), z-fz(z), m(Z)\}$
. shape basis .
shape basis , $0$ ,
. , $I$ , $f_{n}(x_{n})$ ,
$\{(f_{1}(\alpha), \cdots, f_{n}(\alpha))|m(\alpha)=0\}$
. , shape basis , $m$
. , .
112 (rational univariate representation; $RUR$)
, $IR[z]+Id(z-f)$ ,
$\{m’x_{1}-g1(z), \cdots, m’x_{z}-gn(_{Z}), m(Z)\}$
.
$m$ shape basis $-$ . ,
$\{(\frac{g_{1}(\alpha)}{m(\alpha)},, \cdots, \frac{g_{n}(\alpha)}{m’(\alpha)})|m(\alpha)=0\}$
. , $g_{i}$ , $m$
, $0$ radical RUR
. RUR , , modular




$C(n)$ The cyclic $\mathrm{n}$-roots system of $\mathrm{n}$ variables. (Faugere et $al.,1993$).
$\{f_{1}, \cdots , f_{n}\}$ where $f_{k}= \sum_{i=1}^{n}\prod_{ij=}^{1}cj\mathrm{m}\mathrm{o}\mathrm{d} n-\delta k+j-k,n\cdot$ ( $\delta$ is the Kronecker symbol)
The variables and ordering : $c_{n}\succ c_{n-1}\succ\cdots\succ c_{1}$
$K(n)$ The Katsura system of $\mathrm{n}+1$ variables.
$\{u_{l} - \sum_{i=-n}^{n}u_{i}u_{l}-i (l=0, \cdots, n - 1), \sum_{\iota=-n}^{n}u\iota - 1\}$
The variables and ordering: $u_{0}\succ u_{1}\succ\cdots\succ u_{n}$ .
Conditions : $u_{-l}=u_{l}$ and $u_{l}=0(|l|>n)$ .
$R(n)$ e7 in Rouillier (1996).
$\{-1/2+\sum_{i=1}^{n}(-1)^{i}.+1kXi(k=2, \cdots, n+1)\}$
The variables and ordering : $x_{n}\succ x_{n-1}\succ\cdots\succ x_{1}$ .
$D(3)$ e8 in Rouillier (1996).
$\{f\mathrm{o}, f_{1}, f2, \cdots, f_{7}\}$
$f_{0}=-420y^{2}$ – $280zy-168uy-140vy-120sy-210ty-105ay+12600y-13440$
$f_{1}=-840zy-630_{z^{2}}-420uz-360vz-315sZ-504tz-280az+18900Z-20160$
$f_{2}=-630ty-504tz-360tu-315tv$ – $280ts-420t^{2}$ – $252at+12600t-$ 13440
$f_{3}=-5544uy-4620uz-3465u^{2}$ – $3080_{vu}-2772_{S}u-3960tu-252\mathrm{o}au+10395\mathrm{o}u-110880$
$f_{4}=-462\mathrm{o}vy-3960vz-308\mathrm{o}vu-2772v^{2}-2520sv-3465tv-2310av+83160v-88704$
$f_{5}=-51480sy-45045Sz-36036su-32760sv-30030S^{2}$ – $4004\mathrm{o}ts$ – $27720as+90090\mathrm{o}s$ –960960
$f_{6}=-45045ay-40040_{aZ}-3276\mathrm{o}au-3003\mathrm{o}av-27720as-36036at-25740a^{2}+7722\mathrm{o}\mathrm{o}_{a}-823680$
$f_{7}=-40040by-36036bz-3003\mathit{0}bu-27720bv-25740bs-32760bt-24024ba+675675b-720720$
The variables and ordering : $b\succ a\succ s\succ v\succ u\succ t\succ z\succ y$ .
Rose The Rose system.
$O_{1}$ : $u_{3}\succ u_{4}\succ a_{46},$ $O_{2}$ : $u_{3}\succ a_{46}\succ u_{4}$ .
$Liu$ The Liu system.
$\{y(z-t)-X+a, z(t-x)-y+a, t(x-y)-z+a, x(y-z)-t+a\}$
The variables and ordering: $x\succ y\succ z\succ t\succ a$ .






The variables and ordering : $p\succ q\succ r\succ s$ .
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$hC(6)$ Ahomogenization of $\mathrm{C}(6)$ .
$(c_{6}\backslash \{_{C_{1}cc_{3}c_{4}}2c_{5}C6-1\})\cup \mathrm{t}C_{12^{C}3}cc4c_{5^{C}}6^{-}t^{6}\}$
The variables and ordering: $c_{1}\succ c_{2}\succ c_{3}\succ c_{4}\succ c_{5}\succ c_{6}\succ t$ .
6.3 : change of ordering
, change of ordering .
, PC (FreeBSD, $300\mathrm{M}\mathrm{H}_{\mathrm{Z}}$ Pentium II, $512\mathrm{M}\mathrm{B}$ of memory) . . garbage
collection .
DRL Gr\"obner , LEX Gr\"obner
. $\approx\supset$ , TL $(tl_{-}gueSS())$ , HTL ( +tl-guess0+ ), LA
( $candidate-by_{-}\iota inear-a\iota gebra();0$ ) . 6 DRL LEX
. $DRL$ , DRL .
, $tl_{-}Check()$ .
6: Modular change of ordering
, maginitude , . $TL$
$HTL$ , 7 , magnitude .
, $TL$






RUR modular . .
, modular separating element . ,
, $w$ RUR . , Quick
Test modular $w$ separating element , Normal
Form , , monomial , Linear Equation ,




















$c_{1}=-c_{4}+ \frac{1}{4},$ $c_{2}=-c_{4}+ \frac{1}{2},$ $C3=C4+ \frac{1}{4},$ $d_{1}=-2c_{4}+ \frac{1}{2},$ $d_{2}= \frac{1}{2},$ $d_{\mathrm{s}}=2C4,$ $d_{4}=0$ ,
$\{$
$6c_{4^{-}}^{3}12c_{4}^{2}+6c_{4}-1=0$ ,
$c_{1}=0,$ $c_{2}=c4,$ $c_{3}=-2_{C_{4}+}1,$ $d_{1}= \frac{1}{2}C_{4},$ $d_{2}=- \frac{1}{2}C_{4}+\frac{1}{2},$ $d_{3}=- \frac{1}{2}c_{4}+\frac{1}{2},$ $d_{4}= \frac{1}{2}c_{4}$ .
$\{$
48$c^{3}4-48c^{2}4+12c_{4}-1=0$ ,
$c_{1}=c_{4},$ $c_{2}=-c_{4}+ \frac{1}{2},$ $c_{3}=-c_{4}+ \frac{1}{2},$ $d_{1}=2c_{4},$ $d_{2}=-4c_{4}+1,$ $d_{3}=2c_{4},$ $d_{4}=0$ .
$\{$
$6c_{4^{-}}^{2}3C4+1=0$ ,
$c_{1}=0,$ $c_{2}=-c_{4}+ \frac{1}{2},$ $c3= \frac{1}{2},$ $d_{1}=- \frac{1}{2}c_{4}+\frac{1}{4},$ $d_{2}=- \frac{1}{2}c4+\frac{1}{2},$ $d_{3}= \frac{1}{2}c_{4}+\frac{1}{4},$ $d_{4}= \frac{1}{2}c_{4}$ .
6.6 :
[15] odd order replicable function $\hat{E}_{odd}$ , Moonshine
replicable function , .
4 , . 20 $E_{odd}$ ,
DRL . , 1183 17 .
, 1999 $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ PentiumII $300\mathrm{M}\mathrm{H}\mathrm{z}$ 3 . DRL
, , .
6.7 :
$f(x_{1}, x_{2})\in \mathbb{Q}[x_{1}, x_{2}]$ , $f$ total degree $d$ ,
$F(x_{0}, x_{1,2}X)=x_{0}^{d}f(x_{1}/x_{0}, x_{2}/x_{0})$
$d$ , $F$ ,
$\{$
$u_{i}= \frac{\partial F}{\partial x_{i}}(x_{0}, x_{1,2}X)(i=0,1,2)$ ,
$F(X_{0}, x_{1,2}X)=0$ ,
$x_{0},$ $x_{1},$ $X_{2}$ . $-$
.
$I=Id(u_{0}- \frac{\partial F}{\partial x_{0}}, u_{1}-\frac{\partial F}{\partial x_{1}}, u_{2}-\frac{\partial F}{\partial x_{2}}, F)$
, $\{x_{0}, x_{1,2}x\}\succ\{u_{0}, u_{1}, u_{2}\}$ $I$ $GB(I)$
,
$I\cap \mathbb{Q}[u_{0}, u_{1,2}u]=Id(GB(I)\cap Q[u_{0,1,2}uu])$ .
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$g_{3}$ $=$ $-12x^{6}+(-y^{2}+178y-37)_{X^{4}}+(12y^{3} - 768y^{2}+2208y+4608)_{X^{2}}-32y^{4}$
$+1024y^{3}-7680y^{2}-8192y-2048$
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